Abstract We consider two non-Markovian models: Random Telegraph Noise (RTN) and nonMarkovian dephasing (NMD). The memory in these models is studied from the perspective of quantum Fisher information flow. This is found to be consistent with the other well known witnesses of non-Markovianity. The two noise channels are characterized quantum information theoretically by studying their gate and channel fidelities. Further, the quantum coherence and its balance with mixedness is studied. This helps to put in perspective the role that the two noise channels can play in various facets of quantum information processing and quantum communication.
I. Introduction
The study of quantum systems interacting with their environment helps in characterizing the behavior of the dynamics of the system. This is useful in many application of quantum mechanics and has lead to the field of open quantum systems [1, 2] . In many practical situations, the system-environment interaction brings in pronounced memory effects leading to the emergence of nonMarkovian dynamics [3] [4] [5] [6] [7] [8] [9] . Recently, non-Markovianity has been a subject matter of various studies from quantum cryptography [10, 11] , quantum biology [12] [13] [14] , quantum metrology [15, 16] and quantum control [17] . It has been shown with ample evidence that non-Markovian channels can be advantageous over Markovian ones. In [18] , it was reported that the non-Markovianity can enhance the channel capacity in comparison to the Markovian case. Non-Markovian behavior is a multifaceted phenomenon which can not be attributed to a unique feature of the system-environment interaction. Consequently, several different measures were introduced in order to quantify the non-Markovian behavior, viz., trace distance [3] , fidelity [19] , semigroup property [20] or divisibility [4] of the dynamical map, quantum Fisher information (QFI) [21] , quantum mutual information [22] . In general, these measures are inequivalent and different predictions by these measures have been reported in [23] .
The non-Markovian aspects become pertinent while dealing with quantum channels subjected to different types of environment. Another aspect of the systemenvironment interactions is the loss of the coherence and entanglement which is undesirable from the perspective of carrying out the tasks of quantum information. Therefore, this calls for the characterization of the quantum channels under the influence of different environments. Efforts have been made in this direction [24, 25] . Quantum coherence can be thought of as a resource [26] [27] [28] bringing out the utility of the quantum behavior in various tasks [29, 30] . As the system evolves under ambient * naikoo.1@iitj.ac.in † dosupriyo@gmail.com ‡ subhashish@iitj.ac.in conditions, modeled by the noisy channel under consideration, it has a tendency of getting mixed [31] . A pertinent question then to ask is the trade-off between the mixedness and coherence [32, 33] . The interplay between coherence and mixing in the context of non-Markovian evolution, has been studied [34] . Gate fidelity [35] , which tell us about the efficiency of the gate's performance and channel fidelity [24] , which is a measure of how well a gate preserves the distinguishability of states, and is thus connected to the Holevo bound of the channel, are two useful channel performance parameters. The performance of Lindbladian channels, such as the squeezed generalized amplitude damping (SGAD) channel [36] and the Unruh channel [37] have been studied using these parameters [24] . Here, these are used to characterize the two nonMarkovian channels, RTN [38] [39] [40] and NMD [41] . The non-Markovianity in these two channels can be witnessed by using QFI-flow. The contrast in the behavior of the dynamics in Markovian and non-Markovian regimes is highlighted in case of RTN. The system considered is a general qubit state and the dynamics is given in terms of Kraus representation. This analysis would help to bring out the features of the system dynamics which plays a key role in the implementation of these two channels in quantum information and communication.
The paper is organized as follows: In Sec. (II) we give a brief overview of quantum Fisher information as a witness of non-Markovianity and discuss various facets of quantum information. Section (III) is devoted to a brief discussion of the open system dynamics in terms of Kraus operators followed by a description of RTN and NMD channels. In Sec. (IV), we discuss the QFI-flow as a witness of non-Markovian behavior in the two channels. The results and their discussion is presented in Sec. (V). We conclude in Sec. (VI).
II. Facets of quantum information
Here, we briefly describe various facets of quantum information used below to analyze the behavior of the dynamics of the RTN and NMD channels.
Quantum Fisher Information (QFI): Consider a ddimensional quantum (qudit) state ρ α depending on pa-rameter α. The QFI [42, 43] is a measure of the information with respect to the precision of estimating the inference parameter. For the state parameter α, the Fisher information is defined as
Here, ζ(α) = [ζ 1 (α), ζ 2 (α), ζ 3 (α)] is the Bloch vector for the general qubit state ρ = 1 2 1 + ζ(α) · σ, with σ denoting the Pauli spin matrix triplet (σ x , σ y , σ z ). One can define the QFI-flow as the time rate of change of the QFI as
In [21] , it was proposed that a positive QFI-flow at time t implies that the QFI flows back into the system from the environment, generating a non-Markovian dynamics. Therefore, we have
The back flow of QFI is linked to the divisibility property of the underlying dynamical map.
Quantum coherence: Quantum coherence is a consequence of quantum superposition and is necessary for existence of entanglement and other quantum correlations. The degree of quantum coherence in a state described by density matrix ρ is given by its the off-diagonal elements. Specifically, the sum of the absolute values of the off-diagonal elements of ρ serves as a measure of the coherence
The coherence parameter C tends to zero with increase in mixing. Purity and Mixedness of quantum states: For a normalized state ρ, the purity is a scalar quantity Tr ρ 2 which is a measure of how much mixed a state is. Alternatively, one can define the mixedness parameter
such that M = 0 for pure state and M = 2(1 − 1 d ) for maximally mixed state. The interplay between coherence and mixedness was studied in [32] . For an arbitrary quantum state (ρ), in d-dimensional Hilbert space, the trade-off between coherence and mixing is quantified by the parameter β given as:
Average gate fidelity: One of the important tasks in quantum computation and quantum information is characterization of the quantum gates and quantum channels. In this direction, the average gate fidelity is a useful tool to quantify the quality of the quantum gates and is given by the compact expression
Here, d is the dimension of the system and E k are the Kraus operators characterizing the quantum channel. It gives some idea of how well a quantum gate performs an operation it is supposed to implement. Holevo information: Given any measurement described by the positive operator valued measure (POVM) {E k } performed on state ρ = i p i ρ i , we define the Holevo quantity as
Holevo quantity represents the maximum amount of classical information that can be transmitted over a quantum channel.
III. Dynamics and maps
Now, we briefly review the Kraus representation of open system dynamics. This will be followed by the specific models like Random Telegraph Noise (RTN) and non-Markovian Dephasing (NMD).
Kraus representation: An open quantum system is not necessarily governed by a unitary evolution, unlike a closed quantum system. A useful description for open quantum systems can be provided by Kraus representation [44] . The development of Kraus representation usually starts by assuming the system (S) and the environment (E) evolve together as a single system (S + E) unitarily. One can then write the state for S, E and S + E as ρ S , ρ E and ρ SE , respectively. One can trace over the environment degrees of freedom and recover the evolution of the system alone
Here, U SE (t) is the unitary governing the evolution of the combined system. If it is possible to express the above equation in the form
subjected to the condition
we say that the evolution of ρ S (t) has the form of the Kraus representation. Such a representation is always possible if the system and environment do not share any correlation at t = 0, i.e., if ρ SE (0) = ρ S (0)⊗ρ E (0). However, as shown in [45] , the initial separability of states is not a necessary condition for Kraus representation.
Random Telegraph Noise: The Random Telegraph Noise (RTN) is characterized by the autocorrelation function given as
with X being the stochastic variable. The parameter a is proportional to the system environment coupling strength and γ controls the fluctuation rate of the RTN. The map, E, governing the time evolution under RTN has the following Kraus representation
with or non-Markovian depending on whether (
respectively. Consider a general qubit state at time t 0 given as
Now, the dephasing master equation in its canonical from is given byρ
where γ is the decoherence rate. The necessary and sufficient condition for a map to be CP-divisible is that the decoherence rate must be non-negative [46] . Using Eqs. (16) and (17), the decoherence rate for the dephasing RTN map turns out to be Since Λ > 0, the decoherence rate is negative when dΛ dt is positive. The negative decoherence rate is a signature of non-Markovian dynamics. As shown in Fig. (1) , RTN shown negative decoherence rates for certain ranges of time t. This is consistent with the non-Markovian behavior studied using the QFI-flow, detailed below.
Non-Markovianian dephasing: The non-Markovina dephasing (NMD) is governed by the following Kraus operators
Here, 0 ≤ α ≤ 1 and p is a monotonically increasing function of time such that 0 ≤ p ≤ 1/2. The above map reduces to conventional dephasing in the limit α → 0. 
Here, Ω = 1 − 2p + 2pα(p − 1) = 1 − 2κ. Corresponding to the Kraus operators in Eq. (19) , the canonical master equation isρ
Here,ρ = dρ dp and the decoherence rate δ = δ(p) as well as the state ρ = ρ(p) are functions of the parameter p. Using Eqs. (20) and (21), the decoherence rate turns out to be
with r ± = (1 + α ± √ 1 + α 2 )/2α. The regimes p < r − and p > r − correspond to Markovian and non-Markovian dynamics, respectively. The behavior of δ as a function of parameter p is shown in Fig. (1) . The singularity occurs at p = r − , which, in turn, depends on the value of parameter α.
IV. Quantum Fisher infomation flow and non-Markovianity
In this section, we discuss the interplay between QFIflow and non-Markovianity in the context of RTN and NMD channels by using the dynamics sketched in the previous section. 
Average gate fedility
+1) ln (8) Here λ± = out to be
(23) Therefore,
With above setting, the QFI corresponding to the parameters θ and φ becomes
The corresponding QFI-flows are given by the following expressions
These quantities are depicted in the Fig. (2) both for the Markovian as well as the non-Markvoian cases.
For NMD channel : The analytic expressions for the QFI-flow in this case are given as These quantities are plotted in Fig. (3) . The various facets studied in RTN and NMD models are listed in Table ( I) with their compact analytic expressions.
V. Results and discussion
The nature of the dynamics is governed by the decoherence rate, which is positive (negative) for Markovian (non-Markovian) dynamics. In the specific models considered in this work, namely RTN and NMD, the behavior of the respective decoherence rates is depicted in Fig. (1) . This behavior is in concord with that seen with the QFI-flow. The non-Markovian behavior in case of RTN is controlled by the channel parameters, while the NMD is non-Markoviann for all values of the parameter α. Figure ( 2) depicts the QFI-flow corresponding to the state parameters θ and φ as a function of time. The positive QFI-flow is a signature of non-Markovianity and is linked with the divisibility of the underlying dynamical map. It is well known that the non-Markovianity emerges in the RTN governed dynamics under the condition 2a > γ. In this regime, QFI-flow is found to oscillate symmetrically about zero, thereby confirming the nonMarkovian nature of the dynamics. The behavior of the coherence and mixedness under RTN evolution is shown in Fig. (4) . The coherence parameter C and the mixedness parameter M decrease (increase) monotonically in the Markovian regime unlike the non-Markovian case. In the non-Markovian regime, these parameters shown recurrent behavior with time with an envelope of damped oscillation. The interplay between coherence and mixedness is symmetric in RTN model, Fig. (6) , such that the increase in one is accompanied with the decrease in other. The parameter β, Eq. (6), depends only on the state parameter θ, as given in Table (I) . Similar observations are made for the average gate fidelity (G av ) and Holevo quantity and are depicted in Fig. (5) where the monotonic decrease with respect to time in Markovian case is contrasted with the oscillating behavior of these quantities in the non-Markovian scenario.
The decoherence rate in non-Markovian dephasing (NMD) model shows a negative branch separated from the positive branch by a singularity. However, the recurrent behavior observed in RTN is missing. The QIF-flow is positive for certain range of the time like parameter p, as depicted in Fig. (3) , demonstrating the non-Markovian nature of this model. The complementary behavior of coherence and mixedness is observed, that is, the decrease in the coherence is accompanied by an increase in the mixedness, Fig. (6) , such that the β parameter, defined in Eq. (6) , is a function of the state variable θ, see Table (I 
VI. Conclusion
In this work, we considered two quantum channels namely Random Telegraph Noise (RTN) and nonMarkovian dephasing (NMD) and studied the dynamics of a general qubit state in these models. The dynamics is governed by completely positive and trace preserving Kraus operators. The quantum Fisher information flow, which has recently been proposed as a witness of the nonMarkovian behavior, is analyzed and is found consistent with the analysis made using the decoherence rates in these models. Further, various facets of quantum information viz., quantum coherence, mixedness, average gate fidelity and channel fidelity are studied, their compact analytical expressions are obtained and their behavior is contrasted in the Markovian and non-Markovian regimes for the RTN channel. Even though both RTN and NMD show non-Markovian behavior, there is a distinction between the two. The non-Markovian dynamics for the RTN model has a characteristic recurrent behavior, not found in the case of NMD. Nevertheless, a symmetric trade-off between coherence and mixedness, quantified by a coherence-mixedness balance parameter β, is observed in both the cases, thereby testifying to their basic dephasing nature. Such characterization of the quantum channels can be significant from the perspective of carrying out quantum information and communication tasks.
